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Section 1: Introduction to integration 

Notes and Examples 

These notes contain the following subsections: 

Reversing differentiation 

The rule for integrating polynomials 

indefinite integration: formal notation 

Finding the arbitrary constant 

Reversing differentiation 

d 
Integration is the reverse of differentiation. If you are given an expression for 7 and you 

want to find an expression for y, you need to use integration. This is sometimes called 
solving a differential equation. 

d 
If you differentiate y= x, you get Y= 2x. So you can reverse this process, and integrate 

d 
Y= 2x to give y= x9. However, notice that differentiating y = x9 +1 would also give 

2 = 2x, and so would differentiating any expression of the form y= x9 +¢e.So integrating 

d 
&Y 2x gives y= x9 +c, where c is called an arbitrary constant. Remember that when 

you integrate, you must always add an arbitrary constant. 

Example 1 shows how you can integrate a function by thinking about what function you 
would need to differentiate to obtain the given function. 

Example 1 

Find y as a function of x for each of the following. 

@) Bee Baw «| Bex 
dx dx dx 
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(a) dy _ P= yetxt+e The derivative of x9 is 4x°. 

dx 8 So integrating 4x° gives x9. 

d: 8 2 7s 6 

(b) wy _y >y=tx9 +e The derivative of x is 7x : 

dx So integrating 7x° gives x9. 

d The derivative of x= is 2x. 
(c) x =x> y= 1x +¢ So integrating 2x gives x9. Therefore 

integrating x gives 5x". 

The derivative of x? is 3x2, 

dy 5 3 So integrating 3x* gives x°. . 

(d) a Yaar Fe Therefore integrating 7 gives tx°, and 4 

integrating 2x? gives + x. 

The derivative of x° is 5x9. 

dy 4 35 So integrating 5x" gives x 

(e) dx =3x > yasx te 8Therefore integrating x" gives 4 Ly? and : 

8integrating 3x" gives 3x°, 

dy The derivative of x is 1. 
(f) de =3>y=5x+e So integrating 1 gives x. 

Therefore integrating 5 gives 5x. 
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The rule for integrating polynomials 

The rules for integrating any polynomial function can be summed up as: 

n+l 

Integrating x=, where 7 is a positive integer, gives 1 
n+ 

n+l 

Integrating Ax=, where n is a positive integer and kis a constant, gives ; 
n+ 

You can integrate the sum of any number of such functions by simply integrating one term 

at a time. 

Indefinite integration: formal notation 

d 
In Example 1 an expression for . was given and used to find an expression for y. 

So you would write: 

WY Moy yax te. 
dx 

Using formal notation, you would write this as: 

[2x dx=x9 +e 

You would read this as <the integral of 2x with respect tox= 

The next example shows integration expressed using formal notation. 

Example 2 

Integrate each of the following functions. 

(a) x°+3x+2 

(b)  4x*45x-1 

(c)  (x+3)(x4-2) 

(a) [(8 +3x+2)dr=4x4 +327 42x40 

| Remember the arbitrary constant 
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(c) [ (+3) 2) de = [(x? +x-6) de=tx° +42? -6x4+¢ 

Just as with differentiating, you need to expand the brackets before integrating 

Finding the arbitrary constant 

If you are given additional information, you can find the value of the arbitrary constant by 
substituting the given information. This is sometimes called finding the particular solution of 
a differential equation. The next example shows how this is done. 

Example 3 | | | 

dy 
The gradient of a curve at any point (x, y) is given by 4 de =x'°(2x+1). 

The curve passes through the point (1, 5). 

Find the equation of the curve. 

Y _ 20x41) =2x +2x 
dx 

Integrating: y=2xixt+4x° +e 

8Substitute the given values of x and y 

When x=Ly=5 >5=4+4 

c=5-4 
. : _ 4 143 , 25 

So the equation of the curve is y=35x +4x +2 
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Exercise level 1 

1. Find the following indefinite integrals. 

(a) [(2x+3)de 

(b) f(x? -4x41)dx 

(c) [(* +1)dx 

(d) [(* +2x47)dx 

(e) [Gx-1)° dx 

(f) [x@x 4A)dx 

2. Accurve has gradient function o =3x° 44, 

(a) Find an expression for y in terms of x. 

(b) Given that the curve passes through the point (2, -1), find the equation of the curve. 

(c) Show that this curve also passes through the point (1, -4). 

d 
3. The gradient function of a curve is given by . =4x4x=*. Find the equation of the 

curve given that it passes through the point (3, 2). 

dh 
4. Astone is thrown vertically upwards such that au = 25-410t, where ¢ is the time in 

seconds and / is the height of the stone in metres. 

Given that when ¢ = 0, 4 = 30, find the value of ¢ for which h = 0. 

d 
5. Find y in terms of x given that x =(x+1) and that y = 0 when x = 2. 
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Section 1: Introduction to integration 

Exercise level 1 solutions 

1. (a) 

(b) 

(c) 

(d) 

(e) 

(f) 

(b) 

(c) 

[(2x+3)dx =x? +3X+C 

[(? 44x 41)dx = x? -2x* 4x +e 

f(< +1}dx =1x° +X+C 

x? 42x -7)\dx =1x14+x?-7x4+¢ I as 
4 

[(@x-1°dx = [(o? 4 6x +1}dx 

=3x?-3x* +x+C 

x(3x 44) dx = | (3x? 44x |dx J (3x? -4x) 
=x? -2x7 +¢ 

Equation of curve is y= x° 44x-1 

When x = 1, y=? 44x1-1=1-4-1=-4 

so the curve passes through the point (1, -4). 
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When x = 3, y= 2 

2=2x3?-1x3? +c 

2=18-9+¢ 

c=2-184+9=-7 

y =2x°-1x°-7 

dh 
4 =25-10t 
dt 

h=25t45t* +c 

When t = 0, h = 30 >30=c 

h=25t 45t9 +30 

When h = 0, 25t 45t? +30 =0 

5t4t?+6=0 

t? -5t-6=0 

(t-6)(t+1)=0 

t=6 or t=-1 

Since t must be positive, the value of t must be 6. 

Y 44 = x7 +2x+1 
dx 

y=trtx?+x40 

When x = 2, y=0 

O=1x2?+2°4+2+¢ 

O=84+442+¢ 

4 4 26 
c= 3 

41,3 2 _ 26 Yasx tx +x-4 
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Crucial points 

1. Don9t muddle up the formulae for differentiation and integration 

Example: Given that gy x9, find y 
dx i'm being asked to differentiate 3 

i ee 
y 

x Wrong =x >y=3r% 

The derivative of y is x, so 

to find y | need to integrate 
Vv Right <=x Syste 

2. Remember the arbitrary constant c 
Always remember to put in the arbitrary constant 4 you will lose marks in 

an examination if you miss it out! 
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Section 1: Introduction to integration 

Exercise level 2 

1. The gradient function of a curve is given by < =4x? +x, 

(a) Find the equation of the curve given that y=2 when x=1. 

(b) Find the value of y when x=3. 

2. The gradient of a curve at the point (x, y) is given by 4(14 x). Given that the curve has 

a maximum value of y = 8, find the equation of the curve. 

3. Find an expression for y in terms of x if < =(x41)(3x-5) and y=2 when x=1. 

4. Acurve with gradient function < = 4x° 41 has a local minimum value of y =1. Find 

the equation of the curve and the coordinates of the local maximum point. 

d 
5. Acurve has gradient function - =3x° 42x+k. 

(a) The curve has a local maximum point at x =42. Find the value of k. 

(b) The curve passes through the point (1, 3). Find the equation of the curve. 
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Section 1: Introduction to integration 

Exercise level 2 solutions 

1. (a) D - axes x 

ya4x+ix?te 

When x = 1,y = 2 

2=4xP+ixf+e 

(b) When x = 3, y=4x3? +4x3° +4 

=36+3+4 

= 404 

2. oy = 4(1-x) 
dx 

dy At maximum point, ax 0 >x=1 
x 

So the curve passes through the point (1, 8). 

YY _ ax) =444x 
dx 

y=4x-2x* +¢ 

When x = 1, y = 8 
8=4-24+c>c=6 

The equation of the curve is y=4x42x* +6. 

3. YY ~ (13x 5) = 3x 48x4+5 
dx 
y =3xtx? -8xix? +5x+¢ 

=x?4Ax* +5x+¢ 
When x = 1, y = 2 

2=P-4xP+5xl+ce 

c=2~-1+4-5=0 
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cen (D Integral 
y=x?-4x? +5x 

4, Atturning points, 4x* -1=0 

(2x 41)(2x +1) =0 

x=} or -4 

dy For x<-1, ~>0 
*" dx 

For ~3<x<, % <0 
Ix 

Therefore there is a maximum point where x =~ 5 and a minimum point where x =4. 

So the curve passes through the point (2,1). 

oy _ Ax* 41 

Fy 44, The equation of the curve is y = 4x ; 

The maximum point is when x =44. 
3 y=sCP-CD+4 

=414144 
HE TTtg 

w
i
t
 

5. (a) For x=-2, %=0 >12+4+k=0 

dx =>k=-416 

and so OY _ 3x2 2x16 
dx 

dy 2 3 2 (b) a Ox 42x+8 => y=x 4x°-16x+¢ 

and since the curve passes through (1, 3) 

3=1-1-16+¢c>c=19 

so the equation of the curve is y=x*4x*416x+19 
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